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ABSTRACT
We address in detail the radiation forces on spherical dust envelopes around lumi-
nous stars, and numerical solutions for these forces, as a first step toward more general
dust geometries. Two physical quantities, a normalized force and a force-averaged ra-
dius, suffice to capture the overall effects of radiation forces; these combine to yield
the radiation term in the virial theorem. In addition to the optically thin and thick
regimes, the wavelength dependence of dust opacity allows for an intermediate case
in which starlight is easily trapped but infrared radiation readily escapes. Scattering
adds a non-negligible force in this intermediate regime. We address all three regimes
analytically and provide approximate formulae for the force parameters, for arbitrary
optical depth and inner dust temperature. Turning to numerical codes, we examine
the convergence properties of the Monte Carlo code Hyperion run in Cartesian geom-
etry. We calibrate both Hyperion and our analytical estimate using the DUSTY code,
run in spherical geometry. We find that Monte Carlo codes tend to underestimate the
radiation force when the mean free path of starlight is not well resolved, as this causes
the inner dust temperature, and therefore the inner Rosseland opacity, to be too low.
We briefly discuss implications for more complicated radiation transfer problems.
Key words: ISM: dust, extinction – radiative transfer – methods: numerical – stars:
formation
1 INTRODUCTION
Dusty gas is much more opaque to visible light than ion-
ized gas lacking dust. As a result, radiation pressure forces
become dominant in situations where luminous but sub-
Eddington objects, like massive stars and AGN, are sur-
rounded by dusty gas. Examples include individual mas-
sive star formation, where radiation forces present an ob-
stacle to stellar accretion (Wolfire and Cassinelli 1987);
massive star cluster formation (Fall et al. 2010; Matzner
and Jumper 2015), in which matter may be expelled from
the cluster-forming zone; the disruption of giant molecular
clouds (Krumholz and Matzner 2009; Murray et al. 2010;
Hopkins et al. 2012); the initial inflation of giant HII regions
(Draine 2011; Lopez et al. 2011; Yeh and Matzner 2012);1
and the ejection of gas from galaxies (Murray et al. 2011); as
well as dust-driven winds and superwinds from AGB stars
(Bowen and Willson 1991).
For each of these problems a detailed understanding
1 Dust radiation transfer is more important in luminous HII re-
gions than one might expect, because grain absorption exceeds
ionization absorption precisely when radiation forces are strong;
see Yeh and Matzner (2012).
of radiation forces on dust, and a calibration of numeri-
cal methods to estimate these forces, are clearly required.
As a step toward a more complete understanding, we focus
here on a dramatically simplified case: a spherically sym-
metric, power-law dust profile surrounding a central light
source. We choose this problem several goals in mind. First,
we wish to establish a set of measures (output parameters)
with which the effects of radiation forces can be summarized.
Second, we aim to understand in analytical terms how these
measures depend on the innermost dust temperature and
optical depth of the envelope (input parameters).
Lastly, we wish to calibrate Monte Carlo (MC) calcula-
tions of finite resolution: as we shall show, MC results suffer
a type of systematic error when the photon mean free path
is not well resolved. Understanding errors in the MC tech-
nique will be useful for our future work, in which we use
moderate-resolution MC simulations to examine radiation
forces in inhomogeneous dust distributions that break spher-
ical symmetry, and then characterize errors in approximate
techniques. More generally, resolution-dependent errors are
dynamically important within simulations; for instance, in
the onset of Rayleigh-Taylor instabilities during massive star
formation (see Kuiper et al. 2011 and Rosen et al. 2016).
Our spherical problem can be approached by the multi-
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group radiation transfer code DUSTY (Ivezic et al. 1999)
, whose adaptive spatial and frequency grids allow it to
rapidly converge to a solution that we shall consider to be
ground truth. But, DUSTY cannot treat complicated, three
dimensional dust distributions. For these we employ the
MC code Hyperion (Robitaille 2011), modified to record ra-
diation forces. In our numerical sections we focus on the
convergence of radiation force measures, calculated within
Hyperion, toward a value determined by DUSTY. This is
not meant to be a code comparison (for which it would be
more appropriate to run Hyperion in spherical symmetry).
On the analytical front, radiative transfer through
spherical dust envelopes, and the corresponding dust tem-
perature profiles, have long been studied in relation to the
emergent spectral energy distributions of protostars (Larson
1969; Adams and Shu 1985), star cluster-forming clumps in
starburst galaxies (Chakrabarti and McKee 2005), and dusty
winds from late-type stars (Ivezic and Elitzur 1995). How-
ever, analytical studies (including Krumholz and Matzner
2009, Murray et al. 2010, and our own work: Matzner and
Jumper 2015) have so far considered only crude approxima-
tions to the radiation force. We will develop more accurate
analytical formulae, albeit restricted (for now) to the simple
spherical geometry.
We delineate the problem to be solved below in §1.1. In
§1.2 we introduce two integral quantities of interest, the net
radiation force and the force-averaged radius, which can be
combined to form a radiation force term in the virial equa-
tion. We address the theoretical problem in §2 and compare
numerical solutions in §3.
1.1 Physical problem
We consider, for simplicity, a spherically symmetric dust en-
velope with inner radius rin, outer radius rout (set to 4rin in
our fiducial case, purely for convenience) and radial profile
ρ(r) ∝ r−k for rin < r < rout, for some k > 1; in our fiducial
case k = 1.5. This is representative of the density profile in
low and high-mass star formation: van der Tak et al. (2000)
finds k = 1.0 to k = 1.5, Jørgensen et al. (2002) finds k = 1.3
to k = 1.9, ±0.2, Shirley et al. (2002) finds k = 1.8 ± 0.1, and
Mueller et al. (2002) finds k = 0.75 to k = 2.5 with a mean
value of 〈k〉 = 1.8 ± 0.4.
We take the spectrum of the central source, L∗,ν , to cor-
respond to a blackbody of color temperature T∗ = 5772 K.
We adopt the dust absorption opacity κa,ν and albedo aν for
a dust mixture with RV = 5.5 provided by Draine (2003a,b)
from which we compute the total opacity κν = κa,ν(1 + aν).
However, to treat scattered radiation identically in numer-
ical and analytical calculations, we consider only isotropic
scattering. This neglects the characteristic mean scatter-
ing angle, 〈cos (θ)〉, included in the Draine (2003a,b) dust
model, and thus does not consider the effects of realistic
phase functions, which may have a preferential direction of
scattering. While this is certain to alter our results to a small
degree, it also permits a precise comparison between various
approaches.
1.2 Quantities of Interest
We take the outward luminosity at radius r to be L(r) =∫ ∞
0 Lν(r) dν; photon momentum passes r at the rate L(r)/c,
which is independent of r in static equilibrium (whereas Lν
can vary with radius). Given an extinction optical depth τν
(arising from a density and specific opacity, dτν = ρ(r) κν dr),
the radiation force satisfies
dFrad,ν =
Lν
c
dτν ; (1)
the frequency-integrated force within r is Frad(r) =∫ ∞
0 Frad,ν dν, and the total outward force is Frad,tot = Frad(r =∞).
Our first quantity of interest, then, compares the ap-
plied radiation force to the photon force:
Φ ≡ Frad,tot
L/c =
∫ ∞
0
Lν
L
dτν dν. (2)
This can be less than unity, in the case of an optically thin
dust envelope, or much greater than unity if the optical
depth is very high. Indeed Φ is a luminosity-weighted in-
tegral of τν , as the final expression in equation (2) shows.
It is also important to know where the force is applied.
For this we introduce a second quantity, the force-averaged
radius:
〈r〉F ≡
∫ Frad, tot
0
r dFrad/Frad,tot. (3)
We are motivated here by the virial theorem, where the radi-
ation force Frad introduces the term R =
∫
r·dFrad, equivalent
to expression (4.24) of McKee and Zweibel (1992). For our
spherically symmetric problem,
R = Φ L
c
〈r〉F . (4)
Our model density distributions are described by inner
and outer radii rin and rout. Dimensionless quantities like
Φ and 〈r〉F /rin are functions of the spectral shape of the
input radiation (or its color temperature, if it is taken to
be a blackbody) and the optical depth τfid at a chosen ref-
erence frequency νfid (see Rowan-Robinson 1980 and Ivezic
and Elitzur 1997).
For brevity we use τν(r) to denote the dust extinction
optical depth within r, and τν to denote the total optical
depth through the dust distribution. Therefore τν = τν(∞).
2 ANALYTICAL PREDICTIONS
Dusty radiative transfer has two quintessential features:
first, the dust opacity κν increases with frequency over the
relevant range of ν; and second, the stellar surface tempera-
ture is much hotter than dust grains can possibly be. There-
fore, optical and ultraviolet starlight is always more readily
absorbed than the infrared emission from heated grains. As a
result, one can distinguish three regimes: I – optically thin to
starlight (τ∗ < 1 where τ∗ =
∫ ∞
0 τν(L∗,ν/L) dν is the starlight-
averaged opacity); II – thick to starlight but thin to dust
emission (τ∗ > 1 > τR(Td,in) where τR(Td,in) is the Rosseland
opacity at the temperature of the innermost dust ); and III
– optically thick to dust radiation (τ∗ > τR(Td,in) > 1).
I. Optically thin case: Ia. Starlight. Of these, the opti-
cally thin case is of course the simplest. The direct starlight
luminosity at r is Ldir,ν(r) = e−τν (r)L∗,ν , and therefore the
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contribution of direct irradiation to Φ is 2
Φdir =
∫ ∞
0
(1 − e−τν ) L∗,ν
L
dν = 1 − e−τ∗ + O(τ2∗ ). (5)
In the limit τ∗  1 of very low optical depth, e−τν → 1
and 〈r〉F approaches a unique value 〈r〉F,thin; for our trun-
cated power law profile this is
〈r〉F,thin ≡
k − 1
2 − k r
2−k
out rin
k−1 1 − (rin/rout)2−k
1 − (rin/rout)k−1
, (6)
which is unity for a thin shell (rout = rin) and is intermediate
between rin and rout even for very thick shells, so long as
1 < k < 2. In our fiducial case k = 1.5, 〈r〉F,thin = (rinrout)1/2.
Ib. Optically thin dust emission. A minor but non-
negligible contribution to the total force arises from the in-
teraction of thermal dust radiation with other dust grains.
The total infrared luminosity is approximately (1 − e−τ∗ )L
and the appropriate opacity is κdd(Td,in), where
κdd(T) =
∫ ∞
0 Bν(T)κνκa,ν dν∫ ∞
0 Bν(T)κa,ν dν
(7)
is the opacity of dust grains to the emission of other grains
at temperature T . The associated optical depth is τdd,in =
[κdd(Td,in)/κfid]τfid. Note that κdd(T) is relatively large com-
pared to the Rosseland mean, because optically thin radia-
tion is concentrated in frequencies where κν is maximized;
otherwise optically thin infrared would be entirely negligible.
The contribution to Φ due to recaptured infrared emis-
sion is therefore approximately
ΦIR,thin =
κa,∗
κ∗
(1 − e−τ∗ )(1 − e−τdd, in ) (8)
and we can estimate the total force due to optically thin
radiation as
Φthin = Φdir + ΦIR,thin.
II. Intermediate case: starlight scattering and ab-
sorption. As the starlight optical depth increases, Φdir → 1
but scattered starlight adds to the net force and hence a new
component Φsc to the force ratio Φ. We address this case in
Appendix A by means of Eddington’s approximation. In the
limit τ∗  1 (§A1), Φdir → 1 and
Φsc →
〈
aν
1 +
√
3(1 − aν)
〉
L∗
' a∗
1 +
√
3(1 − a∗)
(9)
where 〈· · · 〉L∗ is a starlight-averaged value, i.e., a frequency
average weighted by L∗,ν , and a∗ = 〈aν〉L∗ .
In the asymptotic case τR(Td,in)  1  τ∗, all the force
is applied at the inner boundary and therefore 〈r〉F /rin → 1.
Figure A1 demonstrates the dependence of Φdir+Φsc and the
force-averaged radius due to (direct + scattered) starlight,
as functions of optical depth and albedo.
III. Optically thick case. Here the dust is optically thick
to starlight, and also to its own infrared thermal radiation.
The direct and scattered radiation and their associated mo-
ments (like Φdir and Φsc) are as described above, but the
2 Of course Φdir = τ∗+O(τ2∗ ) would be equally valid, but expression
(5) is more accurate when κν varies slowly with ν.
self-force due to dust emission becomes appreciable and con-
tributes a new term ΦIR. In Appendix B we compute ΦIR
using the diffusion approximation, deriving the thick limit
ΦIR,thick '
4 − β
4(k − 1) + 2β κR,inρinrin
=
(4 − β)(k − 1)
4(k − 1) + 2β
κR,in
κfid
τfid
1 − (rin/rout)k−1
. (10)
The latter expression (in terms of the inner conditions
as well as a fiducial opacity and optical depth) is appropri-
ate for comparison to DUSTY simulations. It demonstrates
that the normalized radiation force depends on the Rosse-
land opacity at the inner boundary, and is therefore directly
related to the inner dust temperature; this point will be rel-
evant to our analysis of numerical methods.
In the thermal diffusion limit 〈r〉F takes a limit 〈r〉F,thick
given in equation (B3) of Appendix (B).
Combined formulae. To combine these asymptotic forms,
we propose
Φ ' (1 − e−τ∗ ) [1 + κa,∗
κ∗
(1 − e−τdd, in ) + Φsc
(
1 − e−τ∗ ) + ΦIR,thick]
(11)
and
〈r〉F '
[
rin +
(〈r〉F,thin − rin) e− τ∗q ] (1 − ΦIR ′Φ )+〈r〉F,thick ΦIR ′Φ ,
(12)
where ΦIR
′ = (1 − e−τ∗ )ΦIR,thick. The radiation contribution
R in the virial theorem is then given by
R
L/c '
[
rin +
(〈r〉F,thin − rin) e− τ∗q ] (Φ − ΦIR ′) + 〈r〉F,thick ΦIR ′.
(13)
Note that we include a prefactor 1 − e−τ∗ on ΦIR,thick in
equation (11), since IR luminosity is powered by absorbed
starlight. The parameter q in equation (12) and (13) does
not affect the asymptotes, so it is somewhat arbitrary; we
find that q ' 10 optimizes the fit.
3 RADIATION TRANSFER CODES
We now turn to the numerical codes DUSTY and Hype-
rion. We use fully converged, variable resolution DUSTY
simulations to provide precise values of the radiation force
measures Φ, 〈r〉F , and R across our parameter survey, which
we use to check the accuracy of our analytical predictions.
Our Hyperion runs serve to explore the convergence proper-
ties of moderately resolved, three-dimensional Monte Carlo
simulations. This calibration will be useful for numerical hy-
drodynamics simulations, and also for our own future work
on radiation forces in inhomogeneous dust distributions.
3.1 DUSTY: adaptive radiation transfer code
Ivezic and Elitzur (1997) found that the radiative transfer
equations, if given a specified temperature for the inner edge
of the dust envelope and the SED of the luminosity source,
MNRAS 000, 1–?? (2017)
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could be solved without further reference to dimensional val-
ues; everything else could be expressed in terms of dimen-
sionless quantities varying with respect to a dimensionless
radial profile. Using these methods, DUSTY (Ivezic et al.
1999) provides solutions to the radiative transfer problem
parameterized by the inner dust temperature Td,in, the ra-
tio n relating the outer and inner radii such that rout = nrin,
the density power law index k, the optical depth τfid at a
fiducial frequency νfid, and the spectral distributions of the
central source (L∗,ν) and of the dust properties (κν , aν). We
inspect these solutions to construct Φ and 〈r〉F .
To calculate these solutions, DUSTY creates a self-
refined grid along the radial profile through an iterative pro-
cess. Starting at the inner cavity wall, r/rin = 1, DUSTY
creates an initial set of radial grid points such that for each
pair of consecutive points, each of three regulating quanti-
ties changes by less than some specified increment or ratio.
These quantities are the increment of the optical depth to
the fiducial frequency as a fraction of the total depth τfid
(default: 0.3), the ratio of their radii (default: 2.0), and the
ratio of their densities (default: 4.0). We preserve the latter
two of these defaults, while adopting a different value for the
maximum fractional increment of the optical depth, 0.025,
as a starting value which we will soon vary. Once the initial
grid has been generated, DUSTY begins the self-refinement
by calculating the bolometric flux through the grid, check-
ing whether the flux is conserved and converged within some
specified accuracy parameter (default: 0.05). If it is not, or
if too large a fraction of the allowed accumulated error is
accrued between a single pair of points, DUSTY adds addi-
tional grid points in the vicinity of these problematic points
to further refine the problem, iterating this procedure until
an accepted grid is produced. DUSTY calculates the radia-
tive transfer solutions by determining the spectral energy
density with an integral equation (Ivezic and Elitzur 1997),
utilizing a temperature profile derived from the assumption
of radiative equilibrium.
Adopting a starting flux accuracy parameter of 0.01 for
a quick parameter survey of DUSTY’s convergence, we vary
both this value and the maximum fractional increment of the
optical depth to explore this space. For these, we hold Td,in
fixed at 1500 K (roughly the dust sublimation temperature)
and set τfid = 10, which for c/νfid = 1.95 µm corresponds to
τ∗ = 54.7. The results are shown in Tables 1 and 2. DUSTY’s
solutions appear to converge as the requested tolerances are
made more strict and more grid points are required to deter-
mine the solution. Fitting the results with linear functions
of the tolerances, we infer Φ → 5.183 and 〈r〉F → 1.596 rin
as these tend to zero.
3.2 Hyperion: Monte Carlo radiation transfer
code
Hyperion (Robitaille 2011) represents the alternative Monte
Carlo technique. Monte Carlo codes like Hyperion model
radiation transfer by propagating a large number of photon
packets throughout the medium, allowing them to scatter or
be absorbed and re-emitted in a number of interactions.
Hyperion has the advantage of being able to handle ar-
bitrary density distributions with a choice of several coordi-
nate geometries. Thus, it can solve more types of problems
than can DUSTY, which is limited to spherically symmetric
Table 1. Convergence of DUSTY radiative transfer for the prob-
lem with Td, in = 1500 K and τfid = 10 at c/νfid = 1.95µm. Here
we vary the requested flux conservation accuracy and holding all
other control parameters and physical parameters of the problem
constant. For requested accuracy of 0.01 or worse, other control
parameters provide more stringent refinement criteria and the
solution is unchanged. At higher requested accuracy, more grid
points are finally required, and Φ varies slightly (a 1% change
as the requested accuracy changes over an order of magnitude).
Meanwhile, 〈r 〉F /rin remains insensitive to the required flux ac-
curacy
Req. Accuracy Grid Points Φ 〈r 〉F /rin Flux Accuracy
0.001 73 5.20 1.59 3.0 × 10−4
0.005 60 5.22 1.59 1.7 × 10−3
0.01 57 5.25 1.59 3.6 × 10−3
0.05 57 5.25 1.59 3.6 × 10−3
0.10 57 5.25 1.59 3.6 × 10−3
Table 2. DUSTY convergence for the same problem as Table 1,
here varying the maximum step in optical depth between con-
secutive grid points relative to the total optical depth, max∆τ/τ,
whilst holding all other control variables at default values. Allow-
ing 8 times larger steps, number of steps decreases by a factor
of 4.5; Φ changes by about 1.3% from its starting value, while
〈r 〉F /rin chances by about 0.63% from its starting value.
Max ∆τ/τ Grid Points Φ 〈r 〉F /rin Flux Accuracy
0.0125 108 5.23 1.59 3.7×10−3
0.025 57 5.25 1.59 3.6×10−3
0.05 33 5.29 1.59 3.3×10−3
0.1 24 5.32 1.58 4.7×10−3
0.2 23 5.32 1.58 6.6×10−3
or slab geometries. We adopt a Cartesian coordinate geom-
etry here to maintain consistency with a subsequent paper,
in which we will generate inhomogeneities as clumps in the
dust envelopes; this process is simplified in such a geome-
try. However, Hyperion is far slower than DUSTY for the
spherically symmetric problem, which they can both solve;
and while it can accept hierarchically refined density distri-
butions, it cannot adaptively re-grid.
In its base form, Hyperion calculates the specific energy
absorption rate in the medium due to the radiative trans-
fer. This allows one to derive properties such as tempera-
tures, the spectral energy distribution, and resulting images,
but disregards and discards vector information. Therefore,
to calculate the radiation forces exerted by the photons, we
modified Hyperion to record and track the specific force (an
acceleration, the force per unit mass) exerted upon the mate-
rial in each cell as a vector with Cartesian components. The
specific force in each cell is built up as a summation of the
contributions by two mechanisms from each photon packet:
their interaction events with the dust, and their propagation
through the dust. The former includes all scattering and ab-
sorption events, which are treated as momentum transfer
events based on the change in the packet’s energy and ve-
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Table 3. Variation of Hyperion’s predictions for Φ as the numbers
of photon packets per cell are varied, in the same problem as
before. Cases labeled “Low”, “Medium”, and “High” correspond
to averages of 10, 106/323 = 30.5, and 100 photon packets per cell,
respectively.
# Cells Low: Φ Medium: Φ High: Φ
323 4.735 4.734 4.734
643 4.932 4.933 4.932
1283 5.056 5.058 —
2563 5.125 5.124 —
Table 4. Like Table 3, but for 〈r 〉F /rin.
# Cells Low: 〈r 〉F /rin Medium: 〈r 〉F /rin High: 〈r 〉F /rin
323 1.67 1.67 1.67
643 1.63 1.63 1.63
1283 1.61 1.61 —
2563 1.60 1.60 —
locity vector. The latter reflects the weighted Monte Carlo
technique of Lucy (1999), which deposits force along the en-
tire path of propagation. Our approach is similar to, but
independent of, the work by Harries (2015).
Whereas DUSTY’s simulations are parameterized by
Td,in and τfid, Hyperion’s are parameterized by dimensional
quantities like distance, luminosity, and density (as defined
on the computational grid). The dust emissivity and mean
opacities are tabulated as a function of the specific energy
absorption rates based on the absorption and emission of
energy, and the temperatures may be calculated in turn as
a function of these rates, converging toward the ideal solu-
tion just as DUSTY does. We choose L∗ = L ( an arbitrary
choice that can be adjusted without loss of generality), adopt
the same stellar spectrum and dust properties, and then set
the dust density coefficient and rin (here 2.15 × 1012 cm in
the case of τfid = 10) so that the converged values of Td,in
and τfid match the DUSTY calculation.
Hyperion’s results must converge in two ways. First,
there must be sufficiently many photon packets propagated
through the grid for the dust temperature distribution to
settle toward equilibrium. Although small-number statistics
certainly add variance to the dust temperatures, we found
that the recommended 30 packets per grid cell was easily
sufficient (Tables 3 and 4). Indeed, integral quantities like
Φ and 〈r〉F appear to be remarkably insensitive to discrete
sampling of the photon field.
Second, the dust density distribution must be suffi-
ciently resolve the physical problem. Here, convergence is not
as rapid. Varying the grid resolution (Table 5) we observe
significant variation in the integral quantities, with only a
slow convergence (error ∝(resolution)−0.73) that is, reassur-
ingly, toward the DUSTY result. As the number of photon
packets must increase if the average number of packets per
Table 5. A convergence study of Hyperion with grid resolution,
and a comparison with DUSTY (for a flux conservation accu-
racy parameter of 0.001 and a maximum ∆τ/τmax of 0.025), for a
physical problem created to match that in Tables 1 and 2. Note
that Td, in converges toward the desired value (1500 K) as Φ and
〈r 〉F converge.
Resolution Φ 〈r 〉F Td, in
323 4.73 1.67 1209
643 4.93 1.63 1296
1283 5.06 1.61 1372
2563 5.12 1.60 1429
DUSTY 5.20 1.59 1500
cell is to be maintained as a constant, highly accurate MC
force evaluations can be quite costly. However, as we dis-
cuss below, we consider Hyperion’s under-estimation of the
radiation force to be a predictable systematic effect.
3.2.1 Criteria for Monte Carlo convergence
Spatial resolution affects Monte Carlo radiation transfer
codes like Hyperion in two distinct ways. One is familiar to
all numerical simulations: a physical problem is defined by
only a few numbers per grid cell, so the problem itself (e.g.,
the spherical power-law dust density profile) converges to
its ideal form only in the limit of infinite resolution. Hyper-
ion, for instance, treats the dust as uniform within each cell
rather than enforcing our model ρ ∝ r−k .
A second source of error arises from lack of resolution of
the photon mean free path. This can sometimes be handled
in the diffusion approximation, but our problem is defined
by a zone of starlight absorption in which dust reaches the
maximum temperature Td,in, and the peak wavelength of
emission from this layer sets the Rosseland optical depth
of the envelope. This is most relevant in the optically thick
regime, which is also where starlight is absorbed very close to
rin. If the deposition of starlight energy is diluted by a lack of
resolution, Td,in will be systematically underestimated. The
consequence is an artificial lowering of the Rosseland opac-
ity κR(Td,in), as observed in Table 5. The radiation force Φ
should be underestimated by the same factor, as in equa-
tion (10), even if the rest of the radiation transfer problem
is handled perfectly.
We illustrate the resulting systematic underestimation
of Monte Carlo forces and Td,in in Figure 1 for the case of
τfid = 10 and Td,in = 1500 K, comparing against our “ground
truth” solution provided by DUSTY. Such an underestima-
tion may be of particular relevance to radiative hydrody-
namical simulations, where the characteristic scales of the
hydrodynamical processes and the mean free path for the
radiation often differ significantly; in such cases, additional
resolution is required to properly capture the radiative trans-
fer forces.
The figure also compares each resolution with well re-
solved DUSTY runs in which Td,in is adjusted to agree with
each Hyperion run (as opposed to the 1500 K target value).
We see that the tendency for Hyperion to underestimate Td,in
MNRAS 000, 1–?? (2017)
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Figure 1. An investigation of the force convergence in Hyper-
ion Monte Carlo simulations of varying resolution (black circles).
In MC runs, Φ approaches an asymptote (top-right black star),
identified using fully-resolved DUSTY simulations with the same
dust column and inner temperature (1500 K). Lower resolution
MC runs underestimate Φ. This is partly because the inner tem-
perature is underestimated when the mean free path of starlight
is not resolved, as we demonstrate by connecting each run with a
DUSTY simulation (black stars) of the same Td, in (dashed lines)
and total dust column. Yellow, orange, red, and dark red lines
show the locus of DUSTY solutions for 1200, 1300, 1400, and
1500 K, respectively.
Table 6. Fluxes at rin for Tin = 1500 k
τfid Flux in 106 erg/cm2/s
10−3 252
10−2 246
10−1 197
100 110
101 66.5
at coarse linear resolution explains much of the discrepancy
in Φ.
This suggests that the effect of discretization should be
much less noticeable at lower optical depths for which the
starlight mean free path is not so short. We tested this out
with Hyperion runs of varying resolution and with τfid as
low as 10−3. As expected, the discrepancy in each parame-
ter depends strongly on optical depth. For Φ, we find that
for log10 τfid = (−3,−2,−1, 0, 1) that the 323 results underesti-
mate DUSTY’s Φ by (0.57%, 1.6%, 0.7%, 2.8%, 8.7%) whereas
the 2563 results are (0.11%, 0.12%, 0.23%, 0.87%, 1.2%) low,
assuming a required flux accuracy of 0.001.
Resolution affects Hyperion’s determination of 〈r〉F as
well, but not as strongly: 〈r〉F decreases by 4.2% going from
323 to 2563 in the model with τfid = 10. This undoubtedly
reflects the fact that 〈r〉F approaches a unique asymptotic
value in each of the three regimes discussed in § 2, so it
should be relatively insensitive to errors.
Finally, as noted in Equation 4, for our problem, R =
Φ Lc 〈r〉F . Therefore, it is unsurprising that in the optically
thick regime, the errors R/(rinL/c) track in a similar manner
to those of Φ.
The variation of these errors with optical depth is visu-
alized in Figure 2. The radiative fluxes at the in radii rin for
these models are listed in Table 6.
Figure 2. The magnitude of fractional difference in the values of
Φ, 〈r 〉F /rin, and R/(rinL/c) as found with the Monte Carlo code
Hyperion at varying resolutions, versus DUSTY models with a
required flux accuracy parameter of 0.001.
3.3 Parameter space survey
With the scaling behaviors examined, we now examine the
overall behaviour of the radiation transfer solutions. Figures
3 and 4 present the variation of Φ and 〈r〉F , respectively,
across the range 10−3 < τfid < 102 and 100 K< Td,in <1500 K.
We plot DUSTY results (with the adopted parameters)
against τ∗ in panel (a) of Figure 3, and against τR(Td,in) =
[κR(Td,in)/κ∗]τ∗ in panel (b); the two plots are meant to il-
lustrate that Φ depends on τ∗ = 5.47τfid in the optically thin
regime and on τR(Td,in) in the thick regime. Figure 4 makes
a similar point. These dependences are hard-wired into the
analytical predictions, equations (11) and (12), which we
overplot in each figure. (To avoid clutter we plot these pre-
dictions only for Td,in = 100 K and 1500 K.)
These figures make very clear that the three radiation
transfer regimes discussed in § 2 apply to the real problem as
well as the idealized one. As for our analytical predictions:
while for low temperatures the error in Φ is large, with a
peak of ≈ 50% for 200 K at τ∗ = 274 over the 100 K and 200
K range, there is also a peak error of ≈ 30% at τ∗ = 547 at a
temperature of 500 K on the range of 300 K to 800 K, and a
peak error of 8.5% also at τ∗ = 547 at a temperature of 900
K over the range of 900 K -1500 K.
4 CONCLUSIONS
We start with our key findings. First, for a spherical dust
envelope the overall importance of radiation force is cap-
tured by a couple integral quantities: a normalized radial
force Φ (formally equivalent to the net flux-averaged optical
depth) and a force-averaged radius 〈r〉F . These combine to
give the radiation term in the virial theorem, R ≡
∫
r · dF =
Φ 〈r〉F L/c, and so they directly affect the dynamical evo-
lution when radiation forces matter at all. We stress this
point because radiation forces are frequently described only
in terms of a net force. Assuming the force is applied on the
largest scales gives an overestimate for R, because 〈r〉F tends
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(a) Φ vs. starlight optical depth
(b) Φ vs. optical depth τR, in calculated from the inner
Rosseland opacity κR (Td, in)
Figure 3. (a): Plot of the Φrad parameter for radiation pressure
force against the optical depth to starlight, τ∗, for 765 DUSTY
models (with 15 different inner dust temperatures each at 51 dif-
ferent maximum optical depths), compared against analytical ap-
proximations for Φrad utilizing the direct, scattering, and diffusion
regimes. The corresponding values of τfid range from 0.001 to 100.
The inner dust temperatures range from 100 K to 1500 K, at an
interval of 100 K. All models assume a geometry with rout = 4rin
and k = 1.5. The 100 K (lower) and 1500 K (upper) contours are
highlighted in red, with the intermediate contours shown in gray.
Also shown in blue is an analytical approximation for Φrad for 100
K and 1500 K models. We see the convergence of the analytical
approximation and the DUSTY solution in the direct radiation
and the diffusion limits. In the intermediate scattering regime,
the analytical approximation underestimates DUSTY. (b): The
same Φrad contours, but now plotted against the axis of τR, in, the
Rosseland mean optical depth of the dust to radiation reprocessed
at the inner temperature. Once again, the 100 K (leftmost) and
the 1500 K (rightmost) contours of the models are highlighted in
red.
to be of order the innermost radius, or (in the optically thin
case) intermediate between inner and outer radii.
Second, the difference in opacity between starlight and
thermal infrared radiation opens an intermediate regime in
which starlight is easily scattered and absorbed, but ther-
mal emission escapes. For this reason, the radiation transfer
problem breaks into thin, intermediate, and thick regimes.
Each of these can be understood analytically in its asymp-
totic form, and we provide approximate formulae for Φ, 〈r〉F ,
and R that combine these forms into a single expression
Figure 4. Plot of the 〈r 〉F parameter for radiation pressure
force against the optical depth to starlight, τ∗, for 765 DUSTY
models (15 different inner dust temperatures each at 51 different
maximum optical depths), compared against analytical approxi-
mations across the direct, scattering, and diffusion regimes. The
corresponding values of τfid range from 0.001 to 100. The inner
dust temperatures ranges over an interval from 100 K to 1500 K
with 100 K increments. All models assume a geometry of n = 4
and k = 1.5. The 100 K (lower) and 1500 K (upper) contours are
highlighted in red, with the intermediate contours shown in gray.
Also shown in blue is an analytical approximation for 〈r 〉F /rin for
100 K and 1500 K models.
valid to a few tens of percent (and within 10% at higher
temperatures).
Third, we calibrate the accuracy with which force pa-
rameters are determined in three-dimensional Monte Carlo
simulations of moderate spatial resolution, by comparing re-
sults from the Hyperion MC code (run in Cartesian geome-
try) against highly resolved calculations by DUSTY (run in
spherical symmetry). Although MC forces converge toward
the physical solution, this comparison reveals that Monte
Carlo underestimates radial forces when the starlight mean
free path is not well resolved. Part of this error comes from
the fact that stellar luminosity is then deposited in too thick
a layer, leading to an underestimate of the maximum dust
temperature. Because of the wavelength dependence of dust
opacity, the net result is an underestimate of the net radia-
tion force.
This may generate a tension in the design of Monte
Carlo simulations, between the desire to resolve the starlight
mean free path and the need to allocate numerical resources.
This is particularly relevant to hydrodynamic models for
which resolving the mean free path of starlight would be
prohibitive. One solution would be to locally refine the grid
using the starlight mean free path as a refinement criterion.
Another would be to implement a sub-grid model for the
dust temperature profile. A third would be to apply a correc-
tion factor to remove the systematic effect of poor resolution
on the radiation forces.
Although we have only considered spherically symmet-
ric dust profiles, we can comment on non-spherical effects.
Clearly, segregating dust into clumps and opening paths of
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lower optical depth will reduce the trapping of radiation,
lowering the net radiation force and Φ, especially in the op-
tically thick regime. On the other hand, the same effects
tend to increase the radial scale 〈r〉F on which radiation
forces are applied, potentially by a large factor. The net ef-
fect on R is not immediately obvious. We intend to return
to these questions in a future publication on non-spherical
and inhomogeneous density distributions.
This work was supported by a Connaught fellowship (PJ)
and an NSERC Discovery Grant (CDM), and was enabled
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APPENDIX A: SCATTERED LIGHT
Here we consider the scattered starlight. Because in our nu-
merical investigations we implement isotropic scattering, the
scattered light is close to isotropic at all radii. It can there-
fore be treated with Eddington’s approximation, in which
the specific intensity in direction nˆ is a linear function of
µ = nˆ · rˆ at every radius. The equations are exactly the same
as those presented by Rybicki and Lightman, with the ex-
ception that the direct illumination by starlight adds a new
source of scattered radiation. In this section, for additional
clarity, we rename the total optical depth of the dust enve-
lope τν,max and the local optical depth from the centre as
τν .
Defining τˆν = (3ν)1/2τν , where (1−ν) = aν is the albedo,
the mean scattered intensity Jν satisfies
J ′′ν − Jν +
(
Sdir,ν + Bν
)
= 0 (A1)
where prime denotes d/dτˆν , Bν is the thermal radiation at
the local dust temperature, and
Sdir,ν =
1 − ν
ν
L∗,ν
(4pi)2r2 e
−τν (A2)
is the additional source term. With the inner boundary con-
dition J ′(0) = 0 corresponding to no net scattered flux at
the origin (we take τˆν increasing outward), equation (A1)
has the explicit solution
Jν = Cν cosh(τˆν) +
∫ τˆν
0
[
Sdir,ν(τ′) + Bν(τ′)
]
sinh(τˆν − τ′) dτ′.
(A3)
The integration constant Cν is determined by the condition
of zero incoming flux at the outer boundary. In the two-
stream approximation as described by Rybicki and Light-
man this condition is 31/2Jν+dJν/dτν = 0, which corresponds
to Jν + 
1/2
ν J ′ν = 0, at the maximum effective optical depth
τˆν,max. This implies
Cν =
∫ τˆν,max
0
[
sinh(τˆν,max−τ′)+1/2ν cosh(τˆν,max−τ′)
]
[Sdir,ν (τ′)+Bν (τ′)] dτ′
cosh(τˆν,max)+1/2ν sinh(τˆν,max)
.
(A4)
Because the star is much hotter than the dust, and we
are concerned here with the peak frequencies for scattered
starlight, we neglect Bν in practice. This has the benefit that
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Figure A1. Normalized force (top) and force-averaged radius
(bottom) for direct and scattered starlight, using Eddington’s ap-
proximation for the scattering, for the case k = 1.5, rout = 4rin.
equations (A3) and (A4) can be evaluated directly, without
solving self-consistently for the dust temperature distribu-
tion.
Our goals involve the radiation force due to scat-
tered starlight. For this we require the scattered flux,
which in Eddington’s approximation is given by Fsc,ν =
−(4pi/3)dJν/dτν = −4pi(ν/3)1/2J ′ν , where
J ′ν(τˆν) = Cν sinh(τˆν)−
∫ τˆν
0
[
Sdir,ν(τ′) + Bν(τ′)
]
cosh(τˆν−τ′) dτ′.
The luminosity of this radiation is Lsc,ν = 4pir2Fsc,ν , and its
differential force is dFsc,ν = (Lsc,ν/c)dτν . Its normalized to-
tal force at frequency ν is then Φsc,ν = Fsc,ν/(L∗ν/c), and
its force-averaged radius is 〈r〉F,sc,ν = (
∫
r dFsc,ν)/Fsc,ν .
Another ingredient is the relation between r and τ, for
which the simple cloud model ρ = ρin(rin/r)k implies r =
rin
(
1 − τν/τ∞,ν
)− 1k−1 where τ∞,ν = ρinrinκν/(k −1). Finally, we
have two equivalent expressions for the maximum optical
depth:
τν,max '
[
1 −
(
rin
rout
)k−1]
τ∞,ν =
κν
κfid
τfid.
The outcome of this analysis is plotted in Figure A1 for
our fiducial case (k = 1.5, rout = 4rin). We see that the force
is increased by about a factor of two over the direct force
of starlight for reasonably high albedos, and that the force
is applied at a location that is at most a couple times the
inner boundary, decreasing toward rin as the optical depth
increases. Both of these trends are markedly different from
the diffusive force due to dust emission.
A1 Limit of high optical depths
The case of a very optically thick cloud (to starlight) is of
particular interest, as scattering is most important in this
regime. So long as the cloud is also effectively optically thick,
so that τˆν,max  1, the force due to scattered light becomes
analytical, because all the light is absorbed near the inner
boundary and one can take r = rin, independent of τν . Then
Sdir,ν = S0e−τν where S0 = (−1ν − 1)L∗,ν/(4pirin)2. The require-
ment J ′ → 0 as τˆν → ∞ implies Cν =
∫ ∞
0 S(τˆν)e−τˆν dτˆν =
S0/[1 + (3ν)−1/2], so J ′ = −S0(3ν)1/2(e−τν − e−τˆν )/(1 − 3ν).
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Computing the force and comparing to the photon momen-
tum, the ratio is
Φsc,ν =
1 − ν
1 + (3ν)1/2
(A5)
and in this limit, all of the starlight momentum is trans-
ferred to the cloud (Φdir,ν = 1). Equation (A5) shows that
when scattered light is absorbed near the inner boundary,
its force is comparable to that of the direct radiation. (For
the net force of scattered radiation to become significantly
larger, the scattered photons must penetrate beyond the in-
ner radius.)
We note that, at the inner boundary, the mean in-
tensity of scattered radiation is (1 − ν)/(ν +
√
ν/3) times
that of the direct starlight in this limit. Backscatter should
therefore push the sublimation radius outward by the factor[
(1 + √3/∗)/(1 + 1/√3∗)]1/2.
APPENDIX B: DIFFUSION OF THERMAL
INFRARED LIGHT
At the risk of rehashing familiar material (e.g., Krumholz
and Matzner 2009 eq. 33), we consider τR(Td,in)  1 and
work in the diffusion approximation, dPrad = −L dτR/(4pir2c)
where dτR = κRρ dr for Rosseland opacity κR(T). Integra-
tion yields the profile of temperature and radiation pressure
Prad = aT4/3:∫ Prad(r)
Prad(rph)
dPrad
κR
=
L
4pic
∫ 1/r
1/rph
ρ d(r−1). (B1)
The effective photosphere rph is the radius from which the
Rosseland optical depth to infinity is roughly unity and
the temperature is set by the Stefan-Boltzmann relation
L ' 4pirph2σSBT(rph)4 so that Prad(rph) ' L/(3pirph2c). Note
that, for high enough optical depth, rph approaches the outer
boundary rout if one exists. If we adopt an opacity power law
κR(T) ∝ Tβ (in addition to the density power law ρ(r) ∝ r−k)
then, integrating equation (B1),
Prad
κR
=
1 − β/4
1 + k
Lρ
4picr
[
1 −
(
r
rph
)k+1]
+
L
3pirph2κR(rph)c
. (B2)
The last term is of order (rph/r)−2(κρr)−1 relative to every-
thing else: it can safely be ignored in regions of high optical
depth. Likewise the second term in brackets is negligible
for (r/rph)k+1  1, so it can often neglected near the inner
boundary. One is then left with the inner power law profile
Prad
κR
' (1 − β/4)Lρ
4pi(1 + k)cr
in which T ∝ r−(k+1)/(4−β).
The force distribution is particularly simple as dFIR =
(L/c)dτR in the diffusion approximation, so ΦIR = τR modulo
a small offset arising from the photosphere and optically
thin region. The inner power law solution suffices to estimate
ΦIR, because the force is concentrated in the densest, hottest
regions near the inner boundary; this gives equation (10).
The force-averaged radius 〈r〉F is also determined by
central conditions, although not to the same degree as ΦIR:
〈r〉F takes the optically thick limit
〈r〉F,thick =
∫ rph
rin
[
1 − (r/rph)k+1
] β
4−β r
1−
[
β(k+1)
4−β +k
]
dr∫ rph
rin
[
1 − (r/rph)k+1
] β
4−β r
−
[
β(k+1)
4−β +k
]
dr
(B3)
rphrin−−−−−−−→ 2 2(k − 1) + β
4 − β rin.
The second expression is valid only insofar as the inner power
law solution holds to radii well beyond 〈r〉F , and so should
not be used in our fiducial problem.
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